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ABSTRACT
We present a numerical method to estimate the lensing parameters and the Hubble
constant H0 from quadruply imaged gravitational lens systems. The lens galaxy is
modeled using both separable deflection potentials and constant mass - to - light ratio
profiles, while possible external perturbations have been taken into account introduc-
ing an external shear. The model parameters are recovered inverting the lens and the
time delay ratio equations and imposing a set of physically motivated selection criteria.
We investigate correlations among the model parameters and the Hubble constant. Fi-
nally, we apply the codes to the real lensed quasars PG 1115+080 and RX J0911+0551,
and combine the results from these two systems to get H0 = 56±23 km s
−1 Mpc−1.
In addition, we are able to fit to the single systems a general elliptical potential with
a non fixed angular part, and then we model the two lens systems with the same
potential and a shared H0: in this last case we estimate H0 = 49
+6
−11 Km s
−1 Mpc−1.
Key words: gravitational lensing – cosmology: theory – distance scale – quasar :
individual: PG 1115+080, RX J0911+0551
1 INTRODUCTION
Gravitational lensing is one of the main tools to obtain in-
formation about the structure and evolution of the universe.
In particular, time delay measurements are a recent primary
distances indicator, furnishing a new method to estimate
the Hubble constant H0, which determines the present ex-
pansion rate of the universe (see, for instance, (Narayan &
Bartelmann 1998; Kochanek & Schechter 2003)).
Actually, in 1964, Refsdal proposed to estimate H0
(Refsdal 1964a; Refsdal 1964b; Refsdal 1966) from multi-
ply imaged QSOs by the measurements of the delays in the
arrive time between light rays coming from the different im-
ages, which follow different optical paths. It is not difficult to
show that the time delay between two images due to a grav-
itational lens can be factorized in two pieces: the first one
depends on cosmological parameters and is inversely propor-
tional to H0, while the second one is determined by the lens
model only. Thus, having measured time delays among im-
ages of a lensed QSO, once we fix the cosmological parame-
ters, we can obtain a direct estimate of H0 provided that the
lens model has been recovered from the lensing constraints,
or is known in an other independent way. Nowadays, there
⋆ Corresponding author : ctortora@na.infn.it
are more than sixty multiple image systems (CASTLES web
page), but only about ten of them have measured time de-
lays. However, this number is increasing day by day, and
in the future it will be possible to measure time delays for
many other systems.
It is well known hat the most significant uncertainty af-
fecting the estimate of H0 with the Refsdal method is only
related to the mass model used. In the usual approach the
model parameters are recovered by fitting some parametric
models to the available constraints through χ2 minimization
techniques. Instead, other authors (see (Williams & Saha
2000)) carried out the “pixellated lens” modelling, that de-
scribes the mass distribution by a large number of discrete
pixels with arbitrary densities, so determining the Hubble
constant by means of a set of physical motivated constraints.
A compromise between these two approaches consists in the
numerical solution of a set of non linear equations: in a pre-
vious paper ((Cardone et al. 2002), hereafter CCRP02), for
instance, some of us applied a semianalytical technique to
fit the separable potential of the form ψ = rαF (θ) and were
able to develop an algorithm to estimate H0 without the
need to give an explicit expression for the shape function
F (θ).
Here, we further improve the general method in (Car-
done et al. 2001) (hereafter CCRP01) and CCRP02, imple-
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menting a set of Mathematica codes to shape quadruple lens
systems and obtain a better estimate of the Hubble constant.
Such a method in fact allows us to manage a still wider class
of lens models and to obtain useful information about lens
parameters and H0, eliminating possible not physical solu-
tions.
Actually, we consider both separable models, specifying
the angular part F (θ), and models with constant mass-to-
light ratio. As usually in literature, we develop the poten-
tial of an external object contributing to the lensing phe-
nomenon to second order, and hence its effect on the total
deflection potential translates into an external shear term
(Schneider, Ehlers & Falco 1992). We constrain the lens
models using the image positions with respect to the lens
centre and the time delay ratios, which allow us to highly
constrain the used models, even if the equations to be solved
become more complex. Once the results from all the possi-
ble models are collected together, such a procedure offers
the advantage of giving an estimate of the Hubble constant
which is in a sense marginalized with respect to the lens
models.
Moreover, our numerical method allows to pursue a new
kind of approach to the lens modelling, that considers at the
same time several lens systems. Actually, following (Saha &
Williams 2004), we try to model two lensed systems with the
elliptical potential ψ = rαF (θ) and an external shear, based
on a strong hypothesis we make ab initio: we suppose that
the lens systems has a shared H0. In this way we are able
to create a two-system model that can give a more complete
estimate of H0.
The outline of the paper is as follows. In Sect. 2 we write
the lens equations and the time delay function in polar coor-
dinates. A careful presentation of the models we use is given
in Sect. 3, while Sect. 4 is devoted to the presentation of the
numerical method used to ‘fit’ single lens models to systems.
We also discuss the constraints used to select physically mo-
tivated solutions and the statistical approach to obtain the
final estimate of the parameters. Then in Sect. 5 we present
a new approach to shape two lens systems with a shared
H0. In order to verify whether our codes are able or not to
recover the correct values of parameters, we build simulated
systems to which we apply the codes as described in Sect. 6,
where, in addition, we analyze the biases and the uncertain-
ties in the use of a model respect to another one. In Sect. 7,
we use the simulated systems to investigate the existence of
degeneracies among the model parameters, recovering some
interesting scaling laws. Sect. 8 is dedicated to the appli-
cation of our procedure to two real quadruple systems, PG
1115+080 and RX J0911+0551: we obtain an estimate of
the lensing parameters and the Hubble constant, also taking
into account the contribution of changing the cosmological
parameters to the uncertainty on H0. Finally, we present a
discussion of our results and future improvements in Sect.
9.
2 LENS EQUATION AND TIME DELAY
Let us choose a rectangular system (x, y) centered on the
lens galaxy and with axes pointing towards West and North,
respectively. Let (r, θ) be the polar coordinates, being θ the
position angle measured from North to East, connected to
the rectangular ones through the following coordinate trans-
formation:
x = −r sin θ, y = r cos θ . (1)
Time delay function, i.e. time delay of a generic path from
source to observer, is given by (Blandford & Narayan 1986;
Zhao & Pronk 2001):
∆t = h−1τ100[
1
2
r2 − rrs cos(θ − θs) + 12 r2s − ψ(r, θ)
]
, (2)
where (r, θ) determines the impact position of the generic
path on the lens plane (with r measured in arcsec), (rs, θs)
is the unknown source position, and ψ(r, θ) is the adimen-
sional lensing potential. Then, h is the Hubble constant H0
in units of 100 km s−1 Mpc−1, while τ100 is a typical time
delay linked to cosmological parameters, and defined as:
τ100 ≡ DdDs
Dds
1 + zd
c
, (3)
where Dd, Ds and Dds are observer - lens, observer - source,
and lens - source angular diameter distances, calculated with
H0 = 100 km s
−1 Mpc−1, and zd is the lens redshift. This
factor contains all the cosmological information, since the
distance depend on the other cosmological parameters: i.e.
the density matter parameter Ωm, the “dark energy” con-
tribution ΩX (see (Peebles & Ratra 2002; Caldwell, Dave &
Steinhardt 1998; Demianski et al. 2003)) and the smoothness
parameters α˜ introduced in (Dyer & Roeder 1972; Dyer &
Roeder 1973; Dyer & Roeder 1974) to take into account the
inhomogeneities of the universe. If i and j are two images,
the time delay between them is ∆tij = ∆ti −∆tj .
According to Fermat principle, the images lie at the
critical points of ∆t, so one can obtain lens equations mini-
mizing it. We get:
r − rs cos(θ − θs) = ∂ψ
∂r
, (4)
rs sin(θ − θs) = 1
r
∂ψ
∂θ
. (5)
We shall use a lensing potential formed by the sum of two
terms:
ψ(r, θ) = ψlens(r, θ) + ψext(r, θ), (6)
where ψlens(r, θ) is the contribution of the lens galaxy, and
ψext(r, θ) is the external perturbation. The first term is con-
nected with the mass distribution of the galaxy through the
Poisson equation:
∇2ψlens(r, θ) = 2κ(r, θ), (7)
being κ(r, θ) the convergence, i.e., the adimensional surface
mass density, defined as:
κ(r, θ) ≡ Σ(r, θ)
Σcrit
, (8)
where Σcrit =
c2Ds
4piGDdDds
. The second term describes the
effects on the lensing system of the environment, i.e., of the
cluster of galaxies which the lens galaxy belongs to, or an
external group of galaxies. We describe this contribution
developing the lensing potential of the external perturbation
to the second order:
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Table 1. Separable deflection potentials.
Model ψ(r, θ)
Model 1 b
2−α
α
rα
Model 2 b
√
sin(θ − θq)2 + q−2 cos(θ − θq)2 r
Model 3 b
2−α
α
√
sin(θ − θq)2 + q−2 cos(θ − θq)2 rα
ψext(r, θ) = ψshear(r, θ) = −1
2
γr2 cos 2(θ − θγ), (9)
where γ is the external shear and θγ is the shear angle, ori-
ented from North to East and pointing towards the external
perturbation.
3 LENS MODELS
The majority of the lens galaxies are early-type galaxies,
since lensing selects galaxies by mass and the fact that early
type galaxies are more massive than spirals overwhelms the
fact that spirals are slightly more numerous. Early type
galaxies show a wide variety of optical shapes including
oblate, prolate and triaxial spheroids. Moreover, also their
mass distribution is not yet fully understood: stellar dy-
namics and X ray observations all suggest that the early
type galaxies are dominated by dark matter halos; on the
other hand, some dynamical studies recently performed us-
ing planetary nebulae as tracers in the halos of early-type
galaxies show evidence of a universal declining velocity dis-
persion profile, and dynamical models indicate the presence
of little dark matter within 5Re – implying halos either not
as massive or not as centrally concentrated as CDM pre-
dicts (Romanowsky et al. 2003). So not only a fundamental
hypothesis of the CDM paradigm have been remained up
to now largely unverified – that there should be similarly
extended, massive dark halos around ellipticals –, but pre-
dictions about the detailed halo properties have not been
testable. Gravitational lensing is actually an unique tool to
studying elliptical halos, and face the question about the
nature and the distribution of dark matter in early type
galaxies, with implications on the estimation of the Hubble
constant. In order to consider both a luminous-dominated
and dark-dominated component in the main lens galaxy, we
consider two different classes of models : separable potentials
and constant mass - to - light (M/L) mass profiles.
3.1 Separable potentials
For the first class, we assign the lensing potential in a simple
separable form:
ψ(r, θ) = rα F (θ, q, θq) , (10)
where we have explicitly indicated the dependence of the an-
gular part F (θ, q, θq) on the axial ratio q (0 < q < 1) and the
position angle θq that specifies the orientation of the lensing
galaxy. The potentials (10) are a generalization of the pseu-
doisothermal elliptical potentials (PIEP) studied by (Kovner
1987). This kind of model is in many aspects similar to the
pseudoisothermal elliptic mass distribution (PIEMD) mod-
els, such as the singular isothermal ellipsoid (SIE) (Bland-
ford & Kochanek 1987). However, while PIEMD models can
represent mass models with any elongation, PIEP models
represent physically plausible lenses only for some values of
the axial ratio q, such as q > q0, being q0 a suitable value
of the axial ratio of the isopotential contours (Kovner 1987;
Kassiola & Kovner 1995). For q < q0, the elliptical isoden-
sity profile may in fact be boxy or disky. In particular, when
dealing with these elliptical models, we adopt the following
expression for the angular part:
F ∝
[
sin2(θ − θq) + q−2 cos2(θ − θq)
]1/2
, (11)
where θq is oriented from West to North. The angular part
F also depends on a strength parameter b: for a singular
isothermal sphere (α = 1 and F =const) this parameter
depends on the cosmological parameters and the redshifts
by means of a distance ratio, and on the central velocity
dispersion. In our case we can assume a similar dependence
only for Model 3 (see Table 1).
In Table 1 we give the expression of ψ for the three
different models we consider. Model 1 is spherically sym-
metric, and hence the shape function is F = b
2−α
α
. On the
other hand, both Model 2 and 3 are ellipticals, but for Model
2 we fix α = 1 as for isothermal mass distributions, while α
is unfixed for Model 3.
It is worth to note that, since the lensing potential ψ
and the adimensional surface density κ are related by a dou-
ble integration, the ellipticity of the isopotential contours is
different by that of isodensity ones. Therefore, we have to
obtain a relation between the axial ratio q of the potential
and the isodensity axial ratio, named qκ. For Model 2, the
convergence is:
κ(r, θ) =
bq
2r
(cos2(θ − θq) + q2 sin2(θ − θq))− 32 . (12)
It is easy to see that κ is always positive, i.e., Model 1 is
always correctly defined, and the analytical relation qκ =
q3 holds. Things get more complicated for Model 3. The
convergence now turns out to be:
κ(r, θ) =
b2−αr−2+α
4qα
[2(−1 + q2 + α2) cos4(θ − θq)
+q2(2(1 + q2(−1 + α2)) sin4(θ − θq) + α2 sin4 2(θ − θq))]
×[(cos2(θ − θq) + q2 sin2(θ − θq))]− 32 . (13)
It is possible to see that, if one of the two factors q2(α2−1)+1
and q2 + α2 − 1 is negative, then is κ < 0. In particular,
if α > 1, we always have κ > 0, since the two quantities
above are positive; instead, when α < 1, the convergence
κ is negative if q <
√
1− α2. For instance, if α = 0.5 and
q < 0.866, the convergence is negative. The axial ratio qκ
satisfies the relation
qκ =
(
q(−1 + q2 + α2)
−q2 + 1 + q2α2
) 1
2−α
, (14)
that corresponds to more rapid trends for lower values of α.
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Table 2. Mass distribution for constant M/L models. For the de
Vaucouleurs model see Keeton & Kochanek 1997.
Model κ
Model 4 b
ReN′
e
[−7.67( r
Re
)
1
4 ]
Model 5 1
2
b2
s2+r2
3.2 Constant M/L models
The second class we consider contains models that describe
luminosity profiles of elliptical galaxies. We use the de Vau-
couleurs (de Vaucouleurs 1948) and Hubble (REF) models
(respectively Model 4 and 5), whose convergence κ is given
in Table 2. We assume that the mass density is spherically
symmetric, so that we can avoid any difficulties in solving
the lens equations for these models. Given the surface den-
sity κ, the deflection angle is easily obtained as (Schneider,
Ehlers & Falco 1992; Keeton 2001):
αˆ(r) =
2
r
∫ r
0
r′dr′κ(r′), (15)
and then the deflection potential is evaluated solving the
equation αˆ = ∇ψ.
4 SINGLE SYSTEM MODELLING
Developing the general method used in CCRP01 and
CCRP02 to model quadruply lensed systems, we numeri-
cally solve systems of nonlinear equations, imposing on the
sample of solutions some criteria to select only the physi-
cal ones, that have to be collected together by means of an
appropriate statistical analysis.
4.1 Method
Here, we consider separable models with an assigned an-
gular part and more complex mass models for which it is
necessary to assign the surface density κ. In order to take
into account all of the information that come from a lensing
event, we make use of time delay ratios, that allow to con-
strain the lensing parameters quite efficiently. We do not use
flux ratios since these may be contaminated by microlens-
ing (Chang & Refsdal 1979; Koopmans & de Bruyn 2000),
and other effects, such as those due to substructures in the
lens galaxy (Mao & Schneider 1998). Instead, time delays
are well measured for some quasars with great accuracy and
are less affected by spurious (and uncontrollable) effects.
The unknown parameters to be determined are the source
position (rs, θs), the shear quantities (γ, θγ), the main lens
model parameters (different for each model), and the Hubble
constant H0. Actually, the higher complexity of the mod-
els and the introduction of the time delays as constraints
lead to more complicated equations than those considered
in CCRP01 and CCRP02, and it is not possible to manipu-
late them to reduce the set of lensing equations (2), (4) and
(5) to a simpler form so as to speed up the calculations. Let
us write equations (4) and (5) using the four images i, j,
k and l, and the two equations coming from the time delay
ratios among them, that are independent on h:
∆tik
∆tij
=
∆tobsik
∆tobsij
,
∆til
∆tij
=
∆tobsil
∆tobsij
, (16)
where ∆tobsij , ∆t
obs
ik and ∆t
obs
il are the measured time delays.
The introduction of these two other equations permits to rise
the equations number, allowing to give a different constraint
by the images positions that does not depend on the first
derivative of the potential, but only on the potential.
In summary, we consider the observables without the
errors, using their mean values: while for the image positions
this assumption seems immediately justified, for the time
delays the uncertainties can be considerably large. In a next
section, we will show more accurately which this assumption
is reasonable.
We have a number of 10 equations (8 from lens equa-
tions and the 2 due to the time delay ratios), that we com-
bine in a useful manner to reduce their number to the un-
knowns number. For example, in the case of Model 1 the
unknowns are 6, i.e., rs, θs, γ, θγ , b, and α, with in addi-
tion the Hubble constant. We have to subtract the 8 lens
equations to reduce their number to 4, and we then add the
two time delay ratios to complete the system of 6 equations
in 6 unknowns. We use the same procedure for each model
to obtain a system of n equations and n unknowns. We can
numerically solve this system of n equations to obtain n un-
known parameters (for our models n is less than 10). Each
result of the solution of the system will be a set of n values.
When we go to solve the system, we do not obtain a single
solution, but a set of solutions, since the system is highly
non linear; these solutions have to be selected by means of
some selection criteria in order to obtain values of parame-
ters which give rise to physically plausible models.
The search for the roots of the system begins with a
choice of a range of parameter values: one must be sure that
there are no roots outside the chosen range, and also a very
large interval does not necessarily include all roots, increas-
ing CPU time. We choose a physically acceptable interval
for parameters, giving N random starting points to the al-
gorithm, whereN is a number fixed by the user†. From these
starting points the CPU tries to converge to the solutions,
using the Newton’s method. In particular, to assign the same
probability to the starting values of a parameter in the rel-
ative range, we generate these values uniformly distributed,
also to avoid introducing any bias in the search.
We have developed a simple code, named LePRe‡, Lens-
ing Parameters Reconstruction, written for Mathematica.
Generally, solving the equation system yields M < N solu-
tions, because for some values of the starting points New-
ton’s method fails to converge to a solution.
† N should be large enough to explore a wide region in the pa-
rameter space, but not too large so as to minimize CPU time.
A possible strategy is to fix N to a suitable value (for example,
2000 or 10000) and run the code more than one time.
‡ ‘Lepre’ is the Italian word for ‘hare’.
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4.2 Selection criteria
These M solutions are not all physically acceptable and to
sort among these we have to impose a set of selection crite-
ria, that constrains parameter values to physically plausible
ranges. Schematically, we can describe these selection crite-
ria as following.
(i) 0 < rs < max{ri, rj , rk, rl}: a lens will not produce
images arbitrarily far away from the center of the lens; for
large values of rs, there will be one image only at (r, θ) =
(rs, θs), and possibly others near the center of the lens; in
particular, we impose this cut because if the source is outside
the ring delineated by the most distant of the images it is
not possible to generate a 4-images configuration§.
(ii) 0 < γ < γcrit: the shear magnitude is positive by
definition. For the separable models, we choose as upper
limit γ ≈ γcrit, where γcrit is defined such that for values
of γ ≥ γcrit the estimated H0 becomes null, and depends
on the particular lens system to be considered (Wucknitz
2002). For PG 1115+080 is γcrit = 0.22, instead for RX
J0911+0551 is γcrit = 0.56. For axially symmetric lenses
we cannot fix an upper limit (since the hypothesis made in
(Wucknitz 2002) does not work), but in the analysis it is
possible to obtain estimated value of γ higher than the one
obtained for an elliptical separable model.
(iii) The shear is approximately well directed : we mean
that the position angle θγ must be directed towards the ex-
ternal mass disturbance; e.g., if the shear were due to an
external group of galaxies, then θγ should be aligned with
the cluster mass centre, since there are no reasons why it
should point elsewhere. For the axially symmetric models
this cut is not necessary because an exact value of θγ is
selected automatically from the system solution to account
for image configuration. Instead, for an elliptical model, we
have to take into account the degeneracy existing between
external asymmetry (the shear γ and relative orientation θγ)
and internal asymmetry provided by axial ratio q and angle
θq. Quantitatively, one could accept only values comprised
in the range (θGmin, θGmax), where θGmin and θGmax are
respectively two extreme galaxies that bound the external
group of galaxies.
(iv) The elliptical profile of the galaxy has to be physically
plausible: we assume q0 < q < 1, where q0 is a particular
value of q such that, for fixed value of α, the isodensity
profile is elliptical or nearly elliptical, and not strongly boxy;
so, we avoid those kinds of solutions to select the physically
plausible one.
(v) The range for other galaxy model parameters is chosen
to have plausible values of κ. For Model 1 and Model 3 we
must have 0 < α < 2; as a matter of fact, the surface mass
density scales as rα−2, so that α < 2 is needed in order to
have κ monotonically decreasing with r. On the other hand,
we consider α > 0 in order for the projected mass inside r
(that scales as rα) to be reasonable. Since ψ > 0, we have
to assume the condition b > 0 for the strength parameter.
§ One can verify it using the web tool developed by K. Rat-
natunga, which generates the images of a lens system once given
the lensing potential, the source coordinates and the observational
characteristics (see http://mds.phys.cmu.edu/ego cgi.html).
(vi) Plausible index ind(κ). The index is the logarithmic
derivative of κ, i.e., ind(κ) ≡ d log κ
d log r
. A lower bound can be
fixed considering that κ has to be higher than the luminous
profile; an upper bound for PG 1115+080 is fixed following
(Williams & Saha 2000), i.e., ind(κ) < −0.5. For power law
model this selection criterium reduces to α < 1.5.
(vii) The set of parameters so found solves lens equations
and time delay ratios equations. We insert the solutions in
solved equations, to check if the solution found is the correct
one or a result from wrong convergence of the numerical
algorithm. We impose that the values of parameters so found
verify the equations within an accuracy fixed by the user.
(viii) hmin < h < hmax. From the three time delays we
obtain three values of h (hij , hik and hil)
¶, and eliminate all
the solutions such that the predicted values of these three
h’s differ more than an ǫ (= 0.1) from each other. Then, we
estimate h ≡ (hij+hik+hil)/3, selecting only those solutions
which give rise to values of h in the range (hmin, hmax), be-
ing these two parameters fixed by the user. An upper bound
is given by age of globular clusters and by the limits from
nucleochronology, which indicate an age of the Universe of
t0 > 7.8 Gyr; instead, a lower bound on h can be given
by t0 ≈ 20 Gyr, since we do not observe stellar systems
with ages greatly exceeding this value. In particular, to be
conservative, we choose (hmin, hmax) = (0, 2).
Obviously, one can also change the order of the constraints,
and remove or add some of these. At the end of the applica-
tion of such selection criteria, and after having run the code
more times, we get a set of L solutions. It is clear that there
is a family of different combinations of the parameters, that
is consistent with the observables and the selection criteria.
4.3 Statistical interpretation
It is possible to interpret the final sample of the solutions
for each parameter using the concept of Bayesian proba-
bility. In this particular framework, the lensing parameters
and H0 represent the “variables” of the “system”, that are
linked by a series of “relationships”, that need not be single-
valued, i.e., the lens mapping and time delay equations. We
can associate to the “variables” a single value function, that
is usually named “information”, or more familiarly “prob-
ability density function”, which indicates how “likely” the
particular combination of the parameters is. Our final sam-
ple of solutions, collected into the histograms, determines all
the amount of “information” that we obtain about the “sys-
tem” itself. This sample is a subset of the parameter space,
that contains all we have to know about the “system”. To
extract a final result, we have to select a better estimate of
each parameter, making a reasonable choice. We could use
a figure of merit as made by (Saha & Williams 1997), but
here we use the mean value of all the collected values as final
estimate for each parameter, instead for the uncertainty on
this estimate we think to be conservative in the choice of the
68% confidence level, i.e., the range in which the 68% of the
solutions is included. In the first place, this choice works well
¶ We estimate three different h to give more freedom to the ob-
tained solution and to take into account that we are using a nu-
merical method.
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in the simulations. Then, we argue that our choice allows to
take into account the weight of each single result in the sam-
ple. When the distribution of the values is symmetric, other
choices as the maximum or the median are equivalent, but
in some cases the histograms have a degree of asymmetry,
different for each lensing model and quasar system, due to
the particular configuration of the images, the degeneracies
and the available data.
As we said before, by means of a simulated system, we
will see that this estimate of the uncertainty in the parame-
ter determinations in fact allows us to recover the values of
these ones.
5 A ‘TWO-SYSTEM’ MODEL
In a recent paper, Saha & Williams extract an estimate of
H0 by means of the joined use of more lensed systems (Saha
& Williams 2004). Here, we show how it is possible to build
a ‘two-system’ model fitting two lens systems with general
lensing potentials and a shared H0. In order to obtain a
simpler solution to this problem we use an elliptical potential
with a not fixed angular part Funk(θ) and external shear
ψ = Funk(θ)r
α + ψshear, (17)
already used in CCRP02. As shown in that paper, if we do
not assign the angular part of the potential, it is possible to
write the time delay between two images i and j in a simple
form and, in particular, for hij the relation
hij =
1
∆tobsij
τ100
2α
[(α− 2)(r2i − r2j )
+2(1− α)rs(ri cos(θi − θs)− rj cos(θj − θs))
+(α− 2)γ(r2i cos 2(θi − θγ)− r2j cos 2(θj − θγ))], (18)
holds, where the lens parameters related to the angular trend
of the lens galaxy do not appear, but only the source posi-
tion, the shear, the parameter α, and the normalized Hubble
constant hij . The choice of this potential allows us not only
to explore a wide range of models but also to obtain equa-
tions with a more little number of unknowns and then more
simply solvable.
We impose that the h′s due to different pairs of
images and the two different systems (i.e., h
(1)
ij , h
(1)
ik ,
h
(1)
il , h
(2)
ij , h
(2)
ik and h
(2)
il )
‖ are equal. We could solve a
system of equations of the form h
(1)
ij = h
(1)
ik , h
(1)
ij =
h
(2)
ij , h
(2)
ij = h
(2)
ik , ....., in order to obtain the 10 parameters
r
(1)
s , θ
(1)
s , γ
(1), θ
(1)
γ , α
(1), r
(2)
s , θ
(2)
s , γ
(2), θ
(2)
γ , α
(2). We verified,
anyway, that it is better to introduce a figure of merit of the
form
Γ = (h
(1)
ij − h(1)ik )2 + (h(2)ij − h(2)ik )2 + (h(1)ij − h(2)ij )2 + ..., (19)
and we minimize it. We calculate the derivatives with re-
spect to the 10 lens parameters and solve this system of 10
equations. Following the previous section, we impose some
selection criteria to select the physical solutions. In this case,
in order to reject many unphysical solutions we have to im-
pose a criterion not used previously: i.e., we require that the
‖ The indices at the exponents specifies the lensed system.
source has a more constrained position⋆⋆. This criterion is
not arbitrary, since the source can be located only in a lit-
tle region to be able to generate a particular configuration
of the images (see (Saha & Williams 2003)). After having
obtained a sample of solutions we have to calculate the six
h′s by different pairs of images and the two systems, and
perform the mean of these values; finally, we impose the
constraint on h′s and obtain the final sample of solutions,
that gives out the estimates of the parameters.
We want to stress the fact that the algorithm discussed
in this Sec. and hence the developed method, has as main
issue the estimate of h. It does not allow to obtain precise
estimate of the position of the source and of the orienta-
tion of the external perturbation, since we impose a strong
constraint on them, primary in order to obtain the correct
estimate of h. As we will see later, it also gives us a good
determination of the other parameters (i.e., γ, α, and h).
We will compare the results with those obtained by us-
ing a similar function of merit to model the single lens sys-
tems with the same elliptical potentials. In this case the
function Γ is simply modified introducing only the terms
with the index (1).
6 APPLICATION TO SIMULATED SYSTEMS
In this section we verify the correct working of the codes,
simulating real systems with image positions and time de-
lays exactly known (i.e., without observational uncertain-
ties). Later on, analyzing the system PG 1115+080, we will
show that this last assumption is reasonable, also for the
real systems.
6.1 Simulations
For each simulation we fix the system parameters and obtain
the image positions and the three time delays by solving the
lens equations (4) and (5), and evaluating the time delay
function. We use these quantities as input for the codes in
order to verify if they are able to recover the correct values
of the originally fixed parameters.
In these simulation we adopt a flat homogeneous uni-
verse with cosmological constant, fixing:
(Ωm,ΩΛ,Ωk, h) = (0.3, 0.7, 0.0, 0.7) , (20)
and:
(zd, zs) = (0.31, 1.722), (21)
giving τ100 = 33.37 days arcsec
−2.
In addition to the expected solution, that is recovered
with high accuracy, the application of the codes generates
other solutions, different by the first one, due to the exis-
tence of the degeneracies among the lensing parameters, that
we will describe in the next Section. The statistics on this
solutions generates our estimate of each parameter. There-
fore, the uncertainties of the parameters in the simulations
and the real cases are not generated by a sort of propagation
of the errors of the observables, but are instead the result of
the degeneracies.
⋆⋆ We impose the constraint on the angle θs
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Table 3. Simulated and estimated parameters, the angles are written in radiants.
Model 1 Model 2 Model 3 Model 4 Model 5
rests 0.09
+0.02
−0.02 0.4
+0.01
−0.02 0.20
+0.03
−0.07 0.21
+0.02
−0.020.15
+0.02
−0.01
rs 0.09 0.4 0.20 0.20 0.15
θests 6.98
+0.01
−0.012.48
+0.02
−0.062.701
+0.004
−0.0045.00
+0.01
−0.014.5
+0.002
−0.002
θs 6.98 2.5 2.7 5.00 4.5
γest 0.2+0.04
−0.04 0.19
+0.02
−0.09 0.15
+0.01
−0.08 0.16
+0.02
−0.020.15
+0.02
−0.01
γ 0.2 0.2 0.15 0.15 0.15
θestγ 3.77
+0.01
−0.013.01
+0.09
−0.02 6.32
+0.03
−0.12 1.67
+0.01
−0.013.8
+0.004
−0.001
θγ 3.77 3 6.34 1.66 3.8
qest − 0.89+0.01
−0.04 0.9
+0.01
−0.01 − −
q − 0.9 0.9 − −
θestq − 2
+0.1
−0.4 2.29
+0.05
−0.11 − −
θq − 2 2.3 − −
best 0.81+0.08
−0.11 1.8
+0.1
−0.1 1.6
+0.7
−0.4 1.76
+0.84
−0.570.95
+0.06
−0.21
b 0.8 1.8 1.5 1.5 1
αest 0.99+0.17
−0.16 − 1
+0.4
−0.1 − −
α 1 − 1 − −
sest, Reste − − − 0.51
+0.45
−0.270.17
+0.05
−0.14
s, Re − − − 0.6 0.2
hest 0.69+0.05
−0.180.69
+0.08
−0.04 0.67
+0.20
−0.22 0.66
+0.10
−0.100.73
+0.08
−0.03
h 0.7 0.7 0.7 0.7 0.7
The application of the method to simulated systems
allows to verify how well it works in recovering the lens pa-
rameters and the normalized Hubble constant h. We resume
the results in Table 3, where we report the simulated values
of the parameters and the estimated ones.
Finally, we show the distributions of the values of h
for the 5 models, adding the total distribution, obtained
averaging the single distributions, in Figure 1. In particular,
we can obtain a “marginalized” estimate of h averaging the
distributions, taking into account all the recovered values in
the distributions, and giving them finite weights: if Ni(h)
indicates the distribution of the i-th model, the combined
N(h) is given through a mean; this final distribution takes
into account the different weights for the different models.
We obtain the global result hest = 0.69±0.11. We may
in fact consider this procedure a way to obtain a final es-
timate of the Hubble constant unaffected by spurious un-
certainties of the single codes, having taken into account
different kinds of models and the whole parameters space.
In this way, we can see that the final estimate of h is affected
by a lower uncertainty.
0.2 0.4 0.6 0.8 1
h
0.2
0.4
0.6
0.8
N
All
Model 5
Model 4
Model 3
Model 2
Model 1
Legend
Figure 1. Distributions of the recovered values of the Hubble
constant. N indicates a number of values normalized to the total
number of results obtained for each model. This definition for
N will be used for all the following continuous distributions. The
distributions are obtained interpolating the recovered histograms.
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Table 4. Simulated and estimated parameters for the model with
a not fixed angular part (Two-systems model).
simulated estimated
r
(1)
s 0.25 0.28
+0.13
−0.14
θ
(1)
s 1.6 1.66
+0.33
−0.49
γ(1) 0.13 0.13+0.04
−0.06
θ
(1)
γ 3.00 2.98
+0.31
−0.14
α(1) 1.1 1.13+0.14
−0.13
r
(2)
s 0.15 0.24
+0.18
−0.16
θ
(2)
s 2.8 2.90
+0.44
−0.36
γ(2) 0.15 0.13+0.03
−0.08
θ
(2)
γ 3.00 2.96
+0.06
−0.30
α(2) 1 1.06+0.19
−0.09
h 0.7 0.68+0.13
−0.14
Table 5. Simulated and estimated parameters for the model with
F (θ) unknown, fitted to a single system.
simulated estimated
r
(1)
s 0.25 0.25
+0.19
−0.18
θ
(1)
s 1.6 1.70
+0.28
−0.47
γ(1) 0.13 0.12+0.06
−0.10
θ
(1)
γ 3.00 2.96
+0.53
−0.33
α(1) 1.1 1.20+0.27
−0.22
h 0.7 0.66+0.19
−0.18
We have to verify whether the algorithm for the model
with a common h is able or not to recover the lens param-
eters and, in particular, the Hubble constant. The results
are reported in Table 4: it is possible that some parameters
are not perfectly recovered, but the main ones are obtained
with good accuracy. In addition, we verify the correct work-
ing of the code when we fit the same potential to a single
simulated system. The results are reported in Table 5. We
note that the estimate of h for the two-system model has a
lower uncertainty than that of the single modelling
6.2 Model reconstruction from other lens models
It is well known that the main uncertainty in applying the
gravitational lensing in order to estimate the Hubble con-
stant and to investigate the astrophysical properties of the
galaxies comes from the lack of knowledge of the “true”
galaxy model (see, for instance, (Schneider, Ehlers & Falco
1992)). Here, we want briefly to analyze the biases and the
errors due to the use of an “incorrect” parametric model to
fit the observable data. A way to face this important ques-
tion consists in to build simulated systems for a lens model
and then to fit the image positions and time delays generated
by it, using an other functional form, studying the change
in the lens parameters and above all in h. We can furnish
a qualitative estimate of the effect of the model dependence
on H0. At the same time the procedure allows to quantify
this “systematic” errors.
By means of a simulated system built using the Hub-
ble model, we fit to the image positions and the time delays
so obtained the Model 1 and Model 2. The analysis of the
most significant parameters shows interesting trends which
are partially already well known. In particular, in our sim-
ulated system h = 0.7, and the fitting of the other models
gives us the means values h = 0.35 for the Model 1 and
h = 0.46 for the Model 2, respectively with a percentage
change of 50% and 34%. This percentage obviously changes
if we simulate other lens systems. This shows that if the
“correct” model for a lens is one with constant mass-to-
light ratio and it tries to shape it with a separable model
we obtain a lower estimate of h than that obtained with
the first one; this verifies some previous results in literature
(see (Kochanek 2002) for an analysis made on real systems).
Similar trends are obtained if we create a simulated system
using a de Vaucouleurs model. It is also possible to analyze
the uncertainties introduced by the lack of the internal el-
lipticity of the lens galaxy. If we try to fit with the Model
1 the observables generated with the Model 2 we obtain a
lower mean h but if we consider the errors this estimate is in
agreement with the simulated value, instead the estimated
value for α raises.
7 PARAMETER DEGENERACIES
By means of simulated systems we can also obtain statis-
tical correlations among parameters in order to investigate
the degeneracies among them and to study the effect of vary-
ing each parameter on the final Hubble constant estimate.
Below, we discuss the results we found for each model.
• Model 1. We see that rs, γ, b, and h correlate each
other, and anticorrelate with α. In particular, we verify the
scaling laws (Wucknitz 2002):
rs ∝ 2− α, γ ∝ 2− α , h ∝ 2− α. (22)
Wucknitz & Refsdal 2001 give a simple interpretation for
these scaling laws in terms of mass-sheet degeneracy. In Fig-
ure 2 we report as an example the correlation h− α, fitting
the line h = a(2−α), where a is a proportionality constant.
• Model 2. For this isothermal model we observe that
rs, b, and h correlate among each other, and anticorrelate
with γ and q; almost all of these are linear correlations with
a high correlation degree. We note (see also later considera-
tions about correlations for Model 3) that the absence of the
parameter α changes the correlations among the shear γ and
the other parameters, i.e., since α is fixed, γ now correlates
negatively with rs, b, and h, and not positively.
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Figure 2. Scaling law h ∝ 2− α for Model 1.
• Model 3. rs, γ, q, b, and h correlate among each other
and anticorrelate with α. Here, the positive correlation
among γ and the other parameters comes back: this allows
us to confirm that, in Model 2, it is the condition α = 1
that changes the correlations of the external shear and not
the presence of an intrinsic ellipticity. We also note the ob-
vious positive correlation between q and γ (as for Model 2).
Higher values of the internal ellipticity (i.e., lower values of
q) require lower values of γ.
• Model 4. For the de Vaucouleurs model we find similar
linear correlations: rs, γ, b, and h correlate among each other
and anticorrelate with Re, which now assumes the role of α.
For example, for higher values of Re, this model predicts
lower values of Hubble constant.
• Model 5. For the Hubble model we find the same cor-
relations of the preceding model, simply replacing Re with
the core radius s
For real systems it is more difficult to obtain these cor-
relations. Therefore, we do not discuss the results for them,
and we prefer to resume the obtained dependencies in the
following:
• The parameters rs, b, and h always correlate positively
among each other; i.e., more massive lenses require higher
values of the radial position of the source and of the Hubble
constant. The observations show that more luminous galax-
ies give larger angular separations of the images, in agree-
ment with our correlations: a larger b generates a larger rs
and, hence, a larger separation of the images.
• The parameters that determine the radial profile of the
lens galaxy (α, Re, or s) correlates negatively with the other
ones.
• Except for the Model 2, all the models reveal a positive
correlation of the shear with rs, b, and h.
8 APPLICATION TO PG 1115+080 AND RX
J0911+0551
Having checked that the numerical codes indeed work cor-
rectly recovering the values of the lensing parameters and
Hubble constant, we apply them to real quadruply imaged
systems. We need a four images system with a good astrom-
etry of the lensing galaxy and image positions, and time
delays measured with high accuracy. Then, we also need
that there is a single galaxy acting as lens: for instance,
with our models we cannot study a gravitational lens like B
1608+656, since there are two lensing galaxies; in this case,
a more complex (two) lens model should be used. There
are only three systems that satisfy all these requirements:
PG 1115+080, RX J0911+0551, and B 1422+231. Here,
we choose to apply the codes only to PG 1115+080 and
RX J0911+0551, since B 1422+231 has time delays mea-
sured with a high uncertainty (see, for instance (Patnaik &
Narasimha 2001)). We will also combine the results from
the two systems to get a better estimate of the Hubble con-
stant. We adopt a flat cosmology with (Ωm,ΩΛ) = (0.3, 0.7),
discussing for each system the influence of changing the cos-
mological parameters on the final estimate of H0.
8.1 Application to PG 1115+080
PG 1115+080 was discovered by (Weymann et al. 1980),
originally as a triple lensed quasar. Later, it has been possi-
ble to split an image (the image A) in two components, A1
and A2. Therefore, this system consists of four images (A1,
A2, B, and C) of a radio quiet QSO at zs = 1.722, with
an elliptical galaxy as lens belonging to a group of galax-
ies at zd = 0.31. This group, situated at South-West, con-
tains ∼ 11 galaxies, with a luminous centroid at (rg, θg) =
(20′′±0.2′′,−117o±3o). Iwamuro et al. fitted the luminous
profile of the lensing galaxy with a de Vaucouleurs model
with Re = 0
′′.58±0′′.05, and measured an ellipticity ∼ 0.1
and a position angle of ∼ 650 from north (Iwamuro et al.
2000).
Here, we use image coordinates measured by (Impey et
al. 1998), and the time delay obtained by (Barkana 1997).
In particular, in (Barkana 1997) it measured a time delay
between the components B and C of ∆tBC = 25.0±1.7 days,
consistent with the previous value 23.7±3.4 days from
(Schechter et al. 1997). By contrast, the time delay ratio
rABC = ∆tAC/∆tBA = 1.13
+0.18
−0.17 found by Barkana is in
conflict with the value 0.7±0.3 from (Schechter et al. 1997).
We can fit this system with the models previously dis-
cussed and observe some peculiar trends in the obtained
parameter values, that we discuss in the following:
• The source positions are consistent with each other ex-
cept for Model 2, that has a little disagreement in its mean
value.
• As expected, axially symmetric models predict a higher
mean value of the shear, to account for the lack of an internal
asymmetry, being in agreement with the previous estimates
of ∼ 0.1. It is also interesting to note that θγ is perfectly ori-
ented towards the luminous centroid of the external group.
• The isopotential profile has a small ellipticity, which
increases when we go to consider the relative isodensity pro-
files. In particular, Model 2 predicts an E0 -E1 galaxy, while
Model 3 is also consistent with more elliptical profiles. In-
stead, θq marginally agrees with the luminous profile orien-
tation, but is nonetheless in agreement with results obtained
with other techniques (Impey et al. 1998).
• We obtain α values consistent (also if marginally) with
the nearly isothermal model, with major preference for
Model 3 (see (Kochanek 2002)).
• Model 4 predicts a value of Re in agreement with the
measured one of 0′′.58±0′′.05 by (Iwamuro et al. 2000), while
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Table 6. Estimated parameters for PG 1115+080. θq is oriented
from West to North.
Model 1 Model 2 Model 3 Model 4 Model 5
rs (′′) 0.14
+0.05
−0.050.10
+0.02
−0.020.16
+0.08
−0.090.17
+0.02
−0.020.19
+0.08
−0.05
θs (o) 24
+3
−3 18
+5
−6 21
+5
−5 24
+2
−4 24
+2
−2
γ 0.15+0.05
−0.050.09
+0.02
−0.030.13
+0.07
−0.100.16
+0.02
−0.030.17
+0.04
−0.04
θγ (o) −114
+2
−3 −115
+15
−8 −119
+11
−7 −114
+2
−4 −115
+3
−3
q − 0.97+0.02
−0.030.95
+0.04
−0.06 − −
qk − 0.91
+0.06
−0.080.70
+0.25
−0.19 − −
θq (o) − 155
+41
−21 180
+60
−22 − −
b 1.06+0.05
−0.070.98
+0.16
−0.101.05
+0.19
−0.141.51
+0.8
−0.410.50
+0.20
−0.13
α 0.62+0.50
−0.44 − 0.70
+0.70
−0.50 − −
s, Re(′′) − − − 0.72
+0.48
−0.370.11
+0.30
−0.10
h 0.54+0.19
−0.210.33
+0.09
−0.080.59
+0.34
−0.300.62
+0.11
−0.080.84
+0.25
−0.20
for Model 5 the core radius s is very small, being consistent
with a null core within the uncertainties.
• At least, the most important result concerns the es-
timated Hubble constants. Constant M/L models predict
higher values than separable models, as yet found previously
in literature (Courbin et al. 1997; Kochanek 2002). Then, for
the isothermal Model 2, we verify a result of (Impey et al.
1998) that gives a low value using a SIE, an isothermal model
similar to our model, but with a different angular part.
We report the results of the application of our pro-
cedure in Fig. 3. In Fig. 4 we group together the differ-
ent distributions. The mean distribution gives the value
H0 = 58±27 km s−1 Mpc−1. The mean distribution for
the constant mass-to-light ratio models gives us H0 =
73±22 km s−1 Mpc−1 in according with the recent results
in (Kochanek 2002). If we change the values of cosmological
parameters, our final estimate can change of ∼ 3%, but the
spread becomes ∼ 12% if we also consider inhomogeneous
models.
Finally, in order to verify the honesty of our assumption
of considering the observables without errors, we proceed
as following: we consider as input values for the codes the
mean values of the observables, and then, we change the
time delays of an amount about the 15%. For example, for
the Model 1 we obtain the results in figure 5. The two best
values of h are: hdown = 0.50
+0.16
−0.21 and hup = 0.64
+0.23
−0.25 ,
in agreement with each other and with the value obtained
using the central value. Therefore, the uncertainty in the
time delays is extensively absorbed by the uncertainty due
to the parameter degeneracies.
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Figure 4. Distributions of all the recovered values of the Hubble
constant for PG 1115+080.
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Figure 5. Histograms of the recovered values of the Hubble con-
stant for PG 1115+080 with Model 1 changing the time delays.
8.2 Application to RX J0911+0551
RX J0911+0551 was discovered by (Bade et al. 1997) as
a quadruple imaged QSO, in the ROSAT All-Sky Survey
(RASS). The source QSO is situated at zs = 2.8, while
the lensing galaxy is at zd = 0.77. The image configura-
tion is peculiar: the three images A1, A2 and A3 are close
to each other and to the lensing galaxy (A1 − A2 = 0.478′′ ,
A2 −A3 = 0.608′′), while image B is more distant than the
lens, requiring a large external shear. The only intrinsic el-
lipticity does not allow to account for this configuration, and
we need an external asymmetry. There is, in fact, a nearby
group at about 38′′ South-West, and at redshift zgroup =
0.7±0.1 that can be the origin of this external perturbation.
(Hjort et al. 2002) measured the time delay obtaining the
c© 0000 RAS, MNRAS 000, 000–000
Lens modelling and H0 estimate in quadruply lensed systems 11
0.2 0.6 1 1.4 1.8
h
0
0.5
1
1.5
2
N
Model 1
0.2 0.6 1 1.4 1.8
h
0
1
2
3
4
N
Model 2
0.2 0.6 1 1.4 1.8
h
0
0.5
1
1.5
2
N
Model 3
0.2 0.6 1 1.4 1.8
h
0
1
2
3
N
Model 4
0.2 0.6 1 1.4 1.8
h
0
0.5
1
1.5
2
2.5
N
Model 5
Figure 3. Histograms of the recovered values of the Hubble constant for PG 1115+080. The area under the histograms is normalized to
unity.
results ∆tBA1 = −143±6 days, ∆tBA2 = −149±6 days and
∆tBA3 = −154±16 days. It is also possible to observe a sec-
ond galaxy near the main one, that can affect the modelling.
In the following we present the main results of the ap-
plication of our codes:
• The models predict nearly the same values for the
source positions, exceptModel 3, that provides a lower value.
• The axially symmetric model yields a high value of the
shear; forModel 2 we obtain γ = 0.22, whileModel 3 requires
a lower value. The shear angle points towards the external
group, allowing for the particular configuration observed.
• The elliptical model requires a density distribution with
high ellipticity consistent with an E1 -E5 galaxy, with a po-
sition angle oriented towards the external group.
• Model 1 gives a lower value of α in agreement with the
value from (Schechter 2000), while for the other elliptical
model this value is high to account for the low values of γ
and q.
• The effective radius Re is low (∼ 0.2), and the core
radius of the Hubble model is consistent with zero.
• The recovered value of H0 are higher than those ob-
tained using PG 1115+080, with dramatically high uncer-
tainties. The distributions of these values are too much flat
giving us a little quantity of statistical information; maybe,
using more complex models and other constraints we could
improve these results.
Our method allows to obtain the better estimate for
the system parameters, but this circumstance does not also
allow us to claim that a particular model fits the image
positions and the other observables with higher accuracy. We
note that the axially symmetric models are able to recover
the correct position of the images A1, A2 and A3, but do not
allow to get the position of the fourth image due to lacking
of internal ellipticity.
We may also try to apply an iterative procedure to ver-
ify the correct working of the codes for this lens system. We
fix the values of almost all the parameters leaving two of
them free. Then, we choose one of those two, solving the
lens equation relative to the image B and obtaining an es-
timate for the other parameter††. After finding this value,
we can iterate the process solving the equation for the other
parameter. After that, we again calculate the image position
without being able to recover the correct ones. Therefore, we
†† We solve this equation with 1 unknown, fixing as starting point
the value obtained using the code.
Table 7. Estimated parameters for RX J0911+0551.
Model 1 Model 2 Model 3 Model 4 Model 5
rs (′′) 0.60
+0.21
−0.140.50
+0.16
−0.160.29
+0.20
−0.170.52
+0.24
−0.120.49
+0.19
−0.15
θs (o) 87
+6
−6 88
+4
−6 87
+8
−7 85
+10
−7 84
+5
−7
γ 0.42+0.07
−0.090.22
+0.07
−0.150.17
+0.28
−0.130.42
+0.10
−0.080.38
+0.12
−0.11
θγ (o) 171
+3
−3 173
+11
−7 181
+36
−22 170
+4
−5 168
+6
−6
q − 0.88+0.08
−0.080.80
+0.15
−0.15 − −
qk − 0.68
+0.20
−0.170.68
+0.24
−0.20 − −
θq (o) − 88
+44
−42 81
+48
−29 − −
b 0.96+0.09
−0.081.11
+0.23
−0.260.94
+0.54
−0.566.34
+5.33
−4.360.38
+0.23
−0.12
α 0.20+0.38
−0.17 − 1.42
+0.33
−0.90 − −
s, Re(′′) − − − 0.18
+0.18
−0.140.06
+0.36
−0.06
h 0.99+0.40
−0.281.00
+0.44
−0.400.57
+0.52
−0.330.75
+0.41
−0.350.83
+0.59
−0.46
argue that is not possible to fit the image positions with an
axial symmetric model with external shear.
Our results agree with (Burud et al. 1998); they show
that the particular image configuration requires a minimum
ellipticity for the galaxy of ǫmin = 0.075 and a minimum
shear of γmin = 0.15, applying the method of (Witt & Mao
1997). In particular, we predict very high values of γ, except
for Model 2 and Model 3, that needs a lower mean value, but
in agreement with that lower bound.
The histograms of the H0 values are shown in Figs.
6. We collect all the distributions in Fig. 7. We give
two final estimates of Hubble constant, the first one only
including the elliptical models, and the second one in-
cluding all models. Using the elliptical models we obtain
H0 = 81±41 kms−1Mpc−1, instead taking into account
all the models we have H0 = 77±43 kms−1Mpc−1. Using
a power-law model with external shear (the “ Yardstick”
model) (Schechter 2000) gets a low value of α, in agree-
ment with the value obtained for Model 1, and H0 =
42 kms−1Mpc−1, with an uncertainty ∼ 10− 20%. This
value does not agree with the result obtained here be-
cause in (Schechter 2000) is used a time delay of 200 days
among the mean image A and the image B, different by
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the one we use. Instead, including in the model the main
lens galaxy, the cluster of galaxy, and individual galax-
ies in the cluster (Hjort et al. 2002) get an estimate
of H0 = 71±4 (random, 2σ)±8 (systematic) kms−1Mpc−1,
that agrees with the value we obtain.
Fixing other values for cosmological parameters, the
maximum spread is∼ 10%, but considering a Dyer & Roeder
universe we have a value ∼ 30 − 40%, since the redshifts
zs and zd of RX J0911+0551 are higher than those of PG
1115+080. Actually, RX J0911+0551 is not the ideal system
to obtain an accurate estimate of H0, since there is a high
uncertainty introduced by the arbitrary choice of different
cosmological parameters.
Finally, we remark that a simple elliptical potential with
external shear, also being able to account for image configu-
ration, is an approximate attempt to model a complex sys-
tem as RX J0911+0551. Our modelling, in fact, allows to
obtain useful information about the system, but we expect
to obtain better results using, for example, a SIS or SIE
to describe the contribution of the external group, and not
an approximation as the external shear. Moreover, it is nec-
essary to take into account the contribution of the second
galaxy and the other objects in the group.
8.3 Marginalized estimate of H0
For each systems we obtained an estimate of H0 performing
a mean of the final distributions obtained fitting each model,
and then deriving the mean value and the uncertainty from
it. Now, let us combine these results‡‡, multiplying the two
final distributions. The final estimate turns out to be :
H0 = 56±23 kms−1Mpc−1. (23)
The uncertainties in each estimate and in the final one are
high (also if reduced in this last one with respect to the
single systems), since it has to take into account all the
degeneracies; however, adding other physical constraints and
strengthening some of those already used, it is possible to
reduce the errors ulteriorly. Also for the lens parameters
there is this kind of problem, above all in the orientation of
the lens galaxy and the strength parameters of some models.
We think that this kind of “marginalized” estimate of H0
over a large sample of models can help us to overcome the
problem of the lack of a correct independent knowledge of
the lens model.
8.4 Application of the two-system model
In addition to the usual analysis done for each system, we
apply to PG 1115+080 and RX J0911+0551 the new method
to simultaneously fit the general elliptical model ψ = F (θ)rα
with external shear. In Table 8 we collect the results, adding
the values obtained for the single systems fitted with the
same potential. The uncertainties in the estimated value
for RX J0911+0551 are very high as well as for the other
models fitted in the paper, showing the presence of diffi-
culties in the fitting performed with these simple models.
The angular trends for the two-system model and the single
‡‡ For RX J0911+0551 we only use the two elliptical models.
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Figure 7. Distributions of all recovered values of the Hubble
constant for RX J0911+0551.
Table 8. Estimated parameters for the fitting of the elliptical
potential with not fixed angular part (two-systems model), and
comparison with the results obtained fitting the same potential
to the single systems.
Two-systems PG 1115+080 RX J0911+0551
r
(1)
s (
′′) 0.25+0.36
−0.14 0.22
+0.12
−0.17 −
θ
(1)
s (
o) 23+26
−38 31
+26
−41 −
γ(1) 0.10+0.01
−0.05 0.09
+0.03
−0.06 −
θ
(1)
γ (
o) −108+9
−31 −113
+8
−30 −
α(1) 1.13+0.19
−0.15 1.17
+0.22
−0.21 −
r
(2)
s (
′′) 0.24+0.12
−0.18 − 0.39
+0.28
−0.30
θ
(2)
s (
o) 108+15
−18 − 100
+22
−42
γ(2) 0.11+0.14
−0.10 − 0.25
+0.13
−0.16
θ
(2)
γ (
o) 171+24
−28 − 184
+18
−26
α(2) 1.59+0.13
−0.12 − 1.42
+0.35
−0.40
h 0.49+0.06
−0.11 0.45
+0.06
−0.11 0.62
+0.28
−0.38
systems are similar and there is an agreement for the esti-
mated α′s. The global estimate of the Hubble constant is
H0 = 49
+6
−11 Km s
−1 Mpc−1. Its determination is mainly
determined by the uncertainties in the estimate of H0 for
PG 1115+080, since the distribution of the recovered for RX
J0911+0551 is flat, giving us a little quantity of information
(see, for instance, Fig. 8).
These final values, but in particular the first one,
are in good agreement with the previous ones in the lit-
erature. The results obtained by some of us in previ-
ous papers are also consistent with the present ones: in
CCRP01 it was obtained H0 = 56
+12
−11 kms
−1Mpc−1, using
an elliptical potential without external shear and only PG
1115+080, while in CCRP02 it has been found a value of
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Figure 6. Histograms of the recovered values of the Hubble constant for RX J0911+0551.
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Figure 8. Distributions of all recovered values of the Hubble
constant for the model withb F (θ) unknown, applied to the two
systems.
H0 = 58
+17
−15 kms
−1Mpc−1, fitting a general elliptical poten-
tial to PG 1115+080 and B 1422+231. Using the pixel-
lated lens method, Williams & Saha the results from PG
1115+080 and B 1608+656 are combined to finally get
H0 = 61±11 kms−1Mpc−1, in good agreement with our re-
sult. Using a χ2 minimization applied to B1608+656, (Koop-
mans & Fassnacht 1999) get H0 = 65
+7
−6 kms
−1Mpc−1, only
marginally in agreement with our result. In (Treu & Koop-
mans 2002) it is obtained H0 = 59
+12
−7 ±3 kms−1Mpc−1,
modelling PG 1115+080 with two different components so
as to describe the luminous part and the dark halo, and
using information by stellar dynamics.
9 CONCLUSIONS
In this paper we have presented a numerical method able to
estimate lensing parameters and Hubble constant for a wide
class of models. The model parameters as well as the Hubble
constant have been estimated using as constraints the image
positions and the time delay ratios. We used two classes of
models: separable elliptical models and constant mass - to -
light ratio profiles, adding an external shear to take into ac-
count the presence of an external group of galaxy. For these
models we solved the system composed by the combinations
of lens equations and two time delay ratios, selecting the so-
lutions by means of suitable physical constraints. For each
model and each parameter, we obtain an ensemble of values:
we used the mean as better estimate and a confidence level
of 68% as error. In order to reduce the uncertainty due to
the lens models on the estimation of the Hubble constant,
we marginalized over all the models collecting the complete
data set and obtained a final estimate of H0 and its error,
which does not result dramatically underestimated, in this
way, because of an a priori choice of the model. To test the
code we created simulated systems, being able to recover the
correct values of parameters.
After the encouraging testing of the codes, we have then
applied them to two real systems for which a measure of time
delays has been possible: PG 1115+080 and RX J0911+055.
For PG 1115+080 it was possible to get an estimate of
H0 = 58±27 km s−1Mpc−1, consistent with other results
in the literature, obtained using different techniques. For
example, (Courbin et al. 1997; Keeton & Kochanek 1997)
show that the isothermal and pseudoisothermal models pre-
dict low values ofH0, while the constant mass - to - light ratio
ones generate higher values. We can verify these results us-
ing Hubble and de Vaucouleurs models, finding that a simple
elliptical isothermal model as Model 2 predicts a very low
value ofH0, in agreement with the value∼ 40 km s−1Mpc−1
obtained in (Impey et al. 1998). For RX J0911+0551, only
the elliptical profile allows to fit the image configuration.
These trends are also confirmed by the simulations.
As previously said, we “marginalize” over the models
since we do not know the “correct” form of the lens model,
and hence we have thought to overcome this difficulty in this
way. The combination of the two final distribution can help
to reduce the uncertainties and to obtain more information
from more lens systems, thus should avoid the problems in
the fitting of the single systems. The combined estimate is
H0 = 56±23 km s−1Mpc−1
The uncertainty in the final estimate can be further re-
duced adding other models and including in the statistics
other lensed systems, consistently with the uncertainty ob-
tained using other methods (see, for instance, (Williams &
Saha 2000)). If we consider the contribution of the smooth-
ness parameter α˜, the change in H0 can be very high and
comparable with uncertainty in our estimates of H0. For ex-
ample, the variability for RX J0911+0551 is ∼ 30 − 40%
(using these particular cosmological models), with a compa-
rable uncertainty in modelling.
The general method developed in this paper can be used
to do more, allowing to obtain an estimate of H0 that is as-
sumed for hypothesis as the ‘same’ for all the lensed systems
(see (Saha & Williams 2004)). We can in fact fit simultane-
ously the two systems, using a general elliptical potential
with a not fixed angular part and a shared H0. The final es-
timate is H0 = 49
+6
−11 Km s
−1 Mpc−1, lower than the result
obtained by means of the marginalization of the 5 models
already analyzed in the paper, but in agreement within the
uncertainties. The hypothesis of a common H0 is ambitious
and very strong, since we don’t know if different lens sys-
tem can be fitted in the same manner by using the same
c© 0000 RAS, MNRAS 000, 000–000
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lens model and the same H0. In fact, fitting different lens
models, we have seen that different ones for the two lensed
systems give us different values of H0. But we think that a
“more-system” model can help to obtain a reasonable esti-
mate.
Further improvements are possible. It will possible to
use other different models, for which it is not possible to
write the potential in a simple form, such as NFW pro-
files ((Navarro, Frenk & White 1996; Navarro, Frenk &
White 1997)), or more complex ones (also realizing more-
system models). To take into account the different compo-
nents of the lensing galaxy, we can use different profiles to
describe their components; for example, it can be used a
nearly isothermal model to describe the dark halo and a de
Vaucouleurs one to describe the luminous profile. Then, we
could also use an exponential profile to account for a thin
disk, that elliptical galaxies sometimes seem to have. It is
necessary a more accurate modelling of RX J0911+0551 in
order to give a better bound on the estimated H0 for this
system, since we checked that it furnish a little information
and a little statistical weight. Then, it is possible to shape
double lensed system, also using the flux ratio to better con-
strain the lens models to systems: we have to use a function
of merit similar to that used for the two-system model to
allow to have a necessary number of equations.
Finally, of course, the application of the single mod-
elling (after marginalization) and other two-systems ones to
other lens systems with measured time delays can allow to
get a more and more accurate and precise estimate of H0,
eliminating biases and errors linked to the use of each lens
model.
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